The destabilization of double kink modes by the circulating energetic ions in tokamaks with the plasma current having an off-axis maximum is studied.
I. INTRODUCTION
Fishbone instability was observed for the first time 20 years ago. 
2,3
The mentioned instability was driven by the trapped energetic ions. Later a similar instability caused by the circulating ions was observed, and a theory of the destabilization of the m = n = 1 rigid kink by circulating ions was suggested.
4-6
Recently, experiments on the National Spherical Torus Experiment (NSTX) and a theoretical consideration have shown that fishbone activity can have m = 1, n = 1 dominant mode numbers. 7 On the other hand, theory predicts that when β is so high that the magnetic valley (a minimum of the equilibrium magnetic field) arises in the vicinity of the magnetic axis, the fishbone instabilities tend to be stabilized.
8-10
The instabilities described above were relevant to plasmas with the monotonic profile of the safety factor, q(r). On the the hand, it is known that regimes with non-monotonic q(r) are characterized by improved plasma confinement and attract a considerable attention.
Therefore, it is of interest to consider fishbone instabilities in plasmas with q(r) having an off-axis minimum. A step in this direction was done in Ref.
11
, where it was shown that trapped energetic ions can destabilize a double kink mode. The considered instability is localized in the region r s1 < r < r s2 , where r s1 and r s2 are the q = m/n ≡ q s radii; it is characterized by a "top-hat" radial plasma displacement, ξ r (r).
12
The destabilization of the double kink by the circulating ions is not studied yet. This issue is addressed in the present work.
As in Refs.
12,11
, we assume that q(r) has a single off-axis minimum, q min , and the mode width, ∆ m , is small as compared to r min , where r min is determined by q(r min ) = q min .
The fishbone mode induced by the circulating particles exists due to energetic-ions finite orbit width, which provides a considerable energy exchange between the circulating particles and a kink perturbation.
5,6
Therefore, an important parameter is the ratio of the orbit width, ∆r b , to the mode width, ∆ m . In this work, we consider two limit cases, ∆ m ∆r b and ∆r b ∆ m . In the latter case there are two characteristic frequencies,
, where k 1 and k 2 are characteristic longitudinal wave numbers near the inner edge and outer edge of the region where the mode is localized, respectively, v is the velocity of the energetic ions along the magnetic field. A possibility of a "doublet" instability, i.e., the instability with ω ∼ ω 1 and ω ∼ ω 2 of a mode with given m, n is considered in the work. The analysis is carried out in the assumption that the energetic ions have "standard" orbits with ∆r b r.
The structure of the work is as follows. In the Sec. II A the equations describing both the high frequency fishbone branch and the low frequency branch in a plasma with the non-monotonic profile of the safety factor are formulated. These equations are analyzed for the cases of ∆ m ∆r b and ∆ m ∆r b , in Sec. II B and Sec. II C, respectively. Section III contains the summary of the obtained results and a discussion of a possible relevance of the predicted "doublet" instability to experimental observations on the ASDEX-U tokamak.
13

II. FISHBONE ANALYSIS A. Generic equations
Let us assume first that ω ω di . Then a generic form of the dispersion relation describing fishbone instabilities (and the influence of energetic ions on the ideal MHD instabilities) is
where δW c is the MHD potential energy of the bulk plasma, δW h is the energy associated with the response of the energetic ions, and δI is the sum of the kinetic and potential energies in two inertial layers at r s1 and r s2 given by (cf.
Here ω is the mode frequency (we assume ω > 0), v A is the Alfvén velocity, k = (mq
− n)/R 0 is the longitudinal wave number, R 0 is the radius of the magnetic axis, ξ 0 is the amplitude of the radial component of the MHD displacement. The latter is taken in the form:
, and ξ 0θ is determined by the incompressibility condition ∇ · ξ = 0.
It follows from Eqs. (1), (2) that the dispersion relation can be written in a form similar to that in the case of the monotonic q(r):
where λ c and λ h are the normalized negatives of δW c and δW h , respectively, ω A is the Alfvén frequency. The fast ion response, λ h , consists of the fluid (adiabatic) part, and the kinetic part:
The magnitudes in Eq. (3) can be written as follows (we put r s1 ≈ r s2 ≈ r min , which is justified due to the assumption ∆ m r s ):
11,12,14
0 , p ≡ dp/dr, p is the plasma pressure, L is a number that encapsulates the information regarding coupling to toroidally induced sideband displacements,
12
λ comp is the stabilizing contribution associated with perpendicular compression;
where E = m α v 2 /2 is the particle energy, Λ ≡ µB 0 /E, P φ = m α v R + (e/c)ψ is the canonical angular momentum, ψ is the poloidal magnetic flux, R is the distance from the major axis of the torus,
, τ b is the particle transit time,
... denotes the orbit averaging, κ = B Taking into account that λ c does not depend on ω and assuming ω = ω 0 + iγ with γ ω 0 , we can split Eq. (3) into two equations representing the real and imaginary parts of Eq. (3) as follows (the subscript "0" is omitted):
Equations (8), (9) The sign of ∂Im λ h /∂ω depends on the sign of dp α /dr (with p α the fast ion pressure)
when the inhomogeneity term dominates in Eq. (7). Therefore, the physics of the destabilization of a double kink mode by the energetic ions with a non-monotonic p α (r) and |ω A ∂Im λ h /∂ω| ∼ 1 is more complicated than that in the case of a monotonic p α (r).
When ω ∼ ω di , the diamagnetic effects should to be taken into account. A corresponding dispersion relation for the monotonic q(r) has been obtained in Ref.
3
One can see that it has a similar form for the non-monotonic q(r) when ω di (r s1 ) = ω di (r s2 ), which can be justified in the considered case of ∆ m r min :
where λ c + λ hf + Reλ k ≥ 0. The low-frequency (diamagnetic) fishbone branch is described by Eq. (10) in the case of
i.e., when the kink/tearing instability is stabilized by the plasma diamagnetism. Then
Eq. (10) has the following fishbone solution obtained in the assumption |Im
It is clear that the energy associated with the energetic ions considerably depends on the q(r) profile. When q(r) is non-monotonic, there are two cases with different physics, ∆ m > ∆r b and ∆ m < ∆r b , which will be considered below.
B. The case of large orbit width
Let us first carry out an analysis in the assumption of ∆ m ∆r b . We consider a plasma with a population of the energetic ions consisting only of the well-circulating particles. Then the equilibrium distribution function F α can be approximated as follows:
where p α (r) is the beam particle pressure [p α (r) = d
,r is the orbit averaged radial coordinate of the particle. In addition, in this case we can put v (t) = const,
Using this equation
and omitting terms odd in θ we have:
where θ * 1,2 are the poloidal angles at which a particle intersects the mode (see Fig. 1a ),
the small width of the mode we take into account only those particles, which intersect the mode region twice. The radial coordinate of these particles varies from r > r s2 to r < r s1
during the orbital motion, therefore for them
Then we can assume
which results in the following approximation of Eq. (14)
whereθ is defined by cosθ = (r − r min )/∆ b .
Putting Eqs. (17), (13) into Eq. (7), we obtain in the limit ω nω * α :
where
The imaginary part of λ k is associated with the resonance condition ω = k v . Therefore, Im λ k = 0 only when σk (r) > 0. One can see that k > 0 in the region r s1 < r < r s2 , where it has a maximum (for m > 0), and k < 0 outside this region: this conclusion follows from the facts that k (r s1 ) = k (r s 2 ) = 0, and dk /dr = 0, d
This implies that only the particles withr located inside the mode region interact with the mode when v > 0. However, for these particles cosθ 1 (because of the assumption ∆ m ∆r b ). We conclude from here that strong energy exchange between the particles and the mode is possible only when v < 0, in which case cosθ ∼ 1 due to the particles in the regions r < r s1 , r > r s2 .
In order to calculate the integrals in Eq. (18) analytically, we have to make some approximation for k . Taking into account that k (r s1 ) = k (r s2 ) = 0 and dk /dr = 0 at r = r min , we approximate k as follows:
Equation (19) is simplified in the region which mainly contributes to the integral:
Using Eqs. (20), (18), (6), we obtain:
An EPM instability has the frequency ω < ∼ k v , i.e., ω < ∼ 1. Therefore, we can conclude from Eq. (21) After calculation of Im λ k we obtain:
This equation describes a low-frequency (diamagnetic) fishbone instability. The instability growth rate is rather small being proportional to small parameters ∆ , but with two rational surfaces. Therefore, we can easily generalize the result of Ref.
5
. We have:
where Below we carry out a more detailed stability analysis. We proceed from Eq. (3) valid for the arbitrary ratio of γ/ω. Assuming s 1 = s 2 , dβ α /dr| r s1 = dβ α /dr| r s2 , and v A (r s1 ) = v A (r s2 ), we write this equation as follows:
The unstable solutions of the dispersion relation can be examined by a Nyquist analysis, see, e.g. and, thus, an EPM instability is possible.
The found fishbone mode exists due to the resonance ω = k v , which leads to one
The latter is justified for k (r) symmetric with respect to r min in the region r s1 < r < r s2 . However, in general, s(r s1 ) = s(r s2 ) for a double kink mode with the finite width. For this reason, there are two, rather than one, characteristic frequencies. Therefore, one can expect that two fishbone instabilities with the frequencies of the order ω s1 ≡ ω s (r s1 ) and ω s2 ≡ ω s (r s2 ) and the same mode numbers (m, n) will exist simultaneously under some conditions. Below we examine this possibility. We proceed from Eq. (3) written as
The results of the Nyquist analysis for two particular cases are presented in Fig. 4 . We observe that in both cases the curves encircle the origin of coordinate twice. This means that two instabilities co-exist, which we will refer to as a "doublet" instability. Their growth rates and the frequencies calculated as a function of π α2 for |s 1 /s 2 | = 0.6 and π α1 = −2.5 with the use of Eqs. (8), (9) are shown in Fig. 5 . We observe that, first, there is no threshold with respect to π α2 and, second, two instabilities with different frequencies exist for π α2 in a certain interval (shaded region in Fig. 5 ). It is clear that one of the instabilities (with a lower frequency) arises mainly due to particles crossing r s1 when π α2 is close to zero. Another instability, characterized by a higher frequency, arises when π α2 exceeds the threshold magnitude π crit α2 ≈ 2.4. When π α2 exceeds a certain magnitude, low frequency instability disappears. However, a more rigorous analysis is required to find the region where it disappears because the shown picture is based on the equations valid for γ ω < ∼ ω s . The Nyquist technique leads to 2.32 < π α2 < 2.45. Thus, the region is rather narrow. On the other hand, calculations show that the region of the existence of the "doublet" instability is larger when a plasma is above the ideal MHD stability limit (λ c > 0). For instance, we obtain 2.25 < π α2 < 2.47 for λ c = 0.1 and the same other parameters.
Let us proceed to the low frequency range, ω ∼ ω di ω s . Using Eqs. (24), (12) we obtain:
Comparing Eq. (30) with Eq. (23) we conclude that the growth rate of the instability caused by the energetic ions with the narrow orbit width considerably exceeds the one associated with the wide-orbit-width particles.
III. SUMMARY AND CONCLUSIONS
In summary, we have developed a theory of the destabilization of the double kink mode by the circulating energetic ions through the resonance ω = k v . It shows that both the EPM instability and low frequency fishbone instability (ω ≈ ω di ) can be driven by the circulating beam ions in plasmas with the non-monotonic safety factor. The instability is localized between two rational surfaces, r s1 and r s2 , with the same safety factor, q s (r s1 ) = q s (r s2 ) = m/n. A key parameter, which affects the instability growth rate, is the ratio of the orbit width of the energetic ions, ∆r b , to the mode width, ∆ m .
The instabilities are most strong when ∆r b ∆ m . In the contrary case, ∆r b ∆ m , the EPM instability is absent in plasmas with the dβ α /dr < 0.
A new kind of the instability, which we refer to as "doublet" fishbones, is predicted. Notations: r s1 and r s2 are two rational surfaces with the same q(r), r min is the radius where q = q min , OA and OB are the cosines of the angles θ * 1 and θ * 2 at which a particle crosses the edges of the mode localization region.
Re Ω Hatched region corresponds to a "doublet" instability. Its right edge obtained from the condition γ = ω s1 is tentative.
